
















































































































                                                     Notes-1 

Topic: DIFFERENTIAL CALCULUS 

DESCRIPTION : We define the slope of the curve y=f(x) at the point ,where x=a to be lim
ℎ→0

𝑓(𝑎+ℎ)−𝑓(𝑎)

ℎ
 

,when it exists this limit is called the derivative of f at at x=a .now we will look at the derivative as a 

function derived from f by considering the limit(slope)at each point of the domain of  f. The 

derivative of the function “f” with respect to the variable  x is the function “f” whose value of x is 

f(x)=lim
→0

𝑓(𝑥+ℎ)−𝑓(𝑥)

ℎ
. 

A Derivative refers to the instantaneous rate of change of a quantity with respect to the 

others. That is denoted by dy/dx , Hear  y=f(x). 

Consider the general equation f=f(x).Let P&Q be two points of the graph whose abscissas are x and 

x+h. The corresponding ordinates are f(x)and f(x+h).The quantity h ,pictured in below as positive 

may be either positive or negative. In either case the slope of the secant line P&Q is 5=
𝑓(𝑥+ℎ)−𝑓(𝑥)

𝑥+ℎ−𝑥
   

=
𝑓(𝑥+ℎ)−𝑓(𝑥)

ℎ
 

Suppose now we keep “p” fixed and let “Q ”move along  the curve toward “p” (or let h approach 

zero).As this happens, the curve may be of such nature that the slope of the secant line various & 

approach some fixed value. In that case, the line through p with slope equal to this limiting value is 

called the target to the curve at p .Further, the lope of the tangent is said to be the slope of the 

curve. That is, the slope of the tangent, and also the slope of the curve, at the point p (x, y) is defined 

as lim
ℎ→0

𝑓(𝑥+ℎ)−𝑓(𝑥)

ℎ
 provided the limit exit.       

 

MODEL QUESTIONS : 

(1) Find the derivative of the X at x=1. 

Ans:  let f(x)=X then f’(1)=lim
ℎ→0

𝑓(1+ℎ)−𝑓(1)

ℎ
 

=lim
ℎ→0

(1+ℎ)−1

ℎ
 

=lim
ℎ→0

ℎ

ℎ
 

=lim
ℎ→0

1 

=1 

Thus the derivative at x at x=1 is 1. 

 



 

(2) Find the derivative of 𝑥2 at x=1 

Ans: let f(x)=𝑥2 then  

f’(1)=lim
ℎ→0

𝑓(1+ℎ)−𝑓(1)

ℎ
 

        =lim
ℎ→0

[(1+ℎ)2]−([1]2)

ℎ
 

        =lim
ℎ→0

(1+2.1.ℎ+ℎ2−1)

ℎ
 

       = lim
ℎ→0

ℎ(2+ℎ)

ℎ
 

       =lim
ℎ→0

2 + ℎ = 2 

(3) Derivative of constant function f(x)=c 

Ans : 𝑓′(𝑐) = lim
ℎ→0

𝑓(𝑥+ℎ)−𝑓(𝑥)

ℎ
 

                      =lim
ℎ→0

𝑓(𝑐+ℎ)−𝑓(𝑐)

ℎ
 

                      =lim
ℎ→0

𝑐−𝑐

ℎ
= 0 

MOST PROBABLE QUESTONS: 

(1) Find the derivative of the 𝑥3 at x=1. 

(2) Find the derivative of 𝑥𝑛  at x=1  

(1) Find the derivative at 99x at x=100. 

(2) Find the derivative of 𝑥2 − 27  

(3) Find the derivative of 
1

𝑥2 

(4)  Find the derivative of 2𝑥2 − 2 at x=1 

 

 

 

 

 

 

 

 

 



 

 

Notes-2  

Topic : ALGEBRA OF DERIVATIVE  

DESCRIPTION :  

Now we define the algebra of derivative that is called the laws of derivative .consider two 

function f(x) and g(x) whose derivative in the same domain. 

Here we define the algebraic operations of functions like addition ,substraction, 

multiplication ,scalar multiplication and division 

Consider two function f(x) and g(x) in the same domain .then their operations 

(1) Addition:
𝑑

𝑑𝑥
[𝑓(𝑥) + 𝑔(𝑥)] =

𝑑

𝑑𝑥
𝑓(𝑥) +

𝑑

𝑑𝑥
𝑔(𝑥) 

(2) Substraction :
𝑑

𝑑𝑥
[𝑓(𝑥) − 𝑔(𝑥)] =

𝑑

𝑑𝑥
𝑓(𝑥) −

𝑑

𝑑𝑥
𝑔(𝑥) 

(3) Scalar multiplication:
𝑑

𝑑𝑥
[𝑐𝑓(𝑥)] = 𝑐|𝑓(𝑥)| 

(4) Quotient of two function :
𝑑

𝑑𝑥
[

𝑓(𝑥)

𝑔(𝑥)
] =

𝑓(𝑥).
𝑑

𝑑𝑥
[𝑔(𝑥)]−𝑔(𝑥).

𝑑

𝑑𝑥
[𝑓(𝑥)]

[𝑔(𝑥)]2  

MODEL QUESTIONS : 

(1) Find the derivative of function 𝑓(𝑥) = 2𝑥2 + 3𝑥 + 1 

Ans: 
𝑑

𝑑𝑥
(𝑓(𝑥)) =

𝑑

𝑑𝑥
(2𝑥2 + 3𝑥 + 1) 

                          = 
𝑑

𝑑𝑥
(2𝑥2) +

𝑑

𝑑𝑥
(3𝑥) +

𝑑

𝑑𝑥
(1) 

                          =4𝑥 + 3 + 0 

                          =4x+3 

 

MOST PROBABLE QUESTIONS: 

(1)  Find the derivative of the following  

(i) 8𝑥3     (ii) 5𝑥2    

 

(2) find the derivative of the following functions. 

(1) 5𝑥3 + 2𝑥 − 3 

(2) 3xy 

(3) 
1

𝑥
 

(4) find the derivative of the function 
3𝑥𝑦

𝑥
   



 

 

Notes -3 

Topic: DERIVATIVE OF STANDARD FUNCTION(Trigonometric function) 

DESCRIPTION : 

Every one has already knows what is trigonometric function in 1st semester .it should be kept 

mind that to find the derivative of trigonometric function ,the angles must be in the radian 

measure . In case the given angle is measured in degrees, we must first convert it into radian 

measure by using the formula 180 degree =𝜋 radian.  

We shall now find the derivative of trigonometric function using the definition of the 

derivative of the function. 

(i) Derivative of sin x: 

Let f(x)= sin x 

Then f(x+h) = sin (x+h) 

Thus f(x+h)-f(x)=sin(x+h)-sin x 

=
𝑓(𝑥+ℎ)−𝑓(𝑥)

ℎ
=

sin(𝑥+ℎ)−𝑠𝑖𝑛𝑥 

ℎ
=

2 cos(
2𝑥+ℎ

2
)𝑠𝑖𝑛ℎ/2

ℎ
= cos (𝑥 +

ℎ

2
)

𝑠𝑖𝑛ℎ/2

ℎ/2
 

 Now taking limit h→ 0 

                   = lim
ℎ→0

𝑓(𝑥+ℎ)−𝑓(𝑥)

ℎ
= lim

ℎ→0
[cos (𝑥 +

ℎ

2
)

sin ℎ/2

ℎ/2
 

                    = lim
ℎ→0

cos (𝑥 +
ℎ

2
) . lim

ℎ→0

sin ℎ/2

ℎ/2
 

                    = 𝑓′(𝑥) = cos 𝑥     ( where lim
ℎ→0

sin ℎ/2

ℎ/2
= 1) 

So we get that 
𝑑

𝑑𝑥
(sin 𝑥) = cos 𝑥  

(ii) Derivative of cos x 

Let f(x)=cos x Then f(x+h)=cos(x+h)-cos x 

Since f(x+h)-f(x)=cos(x+h)-cos x  

Or  
𝑓(𝑥+ℎ)−𝑓(𝑥)

ℎ
=

cos(𝑥+ℎ)−cos 𝑥

ℎ
=

−2 sin(𝑥+
ℎ

2
)𝑠𝑖𝑛ℎ/2

ℎ
 

Since  lim
ℎ→0

𝑓(𝑥+ℎ)−𝑓(𝑥)

ℎ
= lim

ℎ→0
[− sin (𝑥 +

ℎ

2
)

sin
ℎ

2
ℎ

2

] 

=− lim
ℎ→0

sin (𝑥 +
ℎ

2
) . lim

ℎ→0

sin ℎ/2

ℎ/2
 



Then 𝑓′(cos 𝑥) = −𝑠𝑖𝑛𝑥 

Similarly other functions are define. 

(iii) 
𝑑

𝑑𝑥
(tan 𝑥) = 𝑠𝑒𝑐2𝑥 

(iv) 
𝑑

𝑑𝑥
(𝑐𝑜𝑠𝑒𝑐 𝑥) = −𝑐𝑜𝑠𝑒𝑐 𝑥. cot 𝑥 

(v) 
𝑑

𝑑𝑥
(sec 𝑥) = sec 𝑥 tan 𝑥 

(vi) 
𝑑

𝑑𝑥
(cot 𝑥) = −𝑐𝑜𝑠𝑒𝑐2𝑥 

MOST PROBABLE QUESTIONS: 

(1) find the derivative of following function 

(i) Y=𝑥2 tan 𝑥  

Ans:
𝑑

𝑑𝑥
(𝑦) =

𝑑

𝑑𝑥
(𝑥2 tan 𝑥) = 𝑥2.

𝑑

𝑑𝑥
(tan 𝑥) + tan 𝑥.

𝑑

𝑑𝑥
(𝑥2) = 𝑥2. 𝑠𝑒𝑐2𝑥 + tan 𝑥. 2𝑥 

(ii) Y=√1 + sin 2𝑥 

Ans: y=√1 + 𝑠𝑖𝑛2𝑥 =√(cos 𝑥 + sin 𝑥)2=cos 𝑥 + sin 𝑥 

𝑑𝑦

𝒅𝒙
=

𝑑

𝑑𝑥
(cos 𝑥 + sin 𝑥) =

𝑑

𝑑𝑥
(cos 𝑥) +

𝑑

𝑑𝑥
(sin 𝑥) = − sin 𝑥 + cos 𝑥 

(2)  find the derivative of the following functions  

(i) Cot x, sec x, cosec x 

(ii) X sin x 

(iii) 5 tan x+ b cot x 

(iv) X cos x+ sin x 

(3) find the derivative of each of the following. 

(i) √cos 𝑥 

(ii) 
1−tan 𝑥

1+tan 𝑥
 

(iii) 
tan 𝑥−cos 𝑥

sin 𝑥.𝑐𝑜𝑠 𝑥
 

(iv) 𝑠𝑒𝑐2 

(i) 𝒙
𝟐

1

𝑥 log2 𝑒
+log2 𝑥.2𝑥+sec 𝑥.tan 𝑥

 

(ii) 
–2𝑐𝑜𝑠 𝑥

(1+𝑠𝑖𝑛)2 

 

 

 

 

 

 



 

 

Notes -4 

Topic : DERIVATIVE OF EXPONENTIAL FUNCTIONS 

DESCRIPTION :  

The derivative of exponential function are denoted by 𝑒𝑥  or 𝑎𝑥  . 

The exponential functions are important point in the derivation form. Which is denoted by  

𝑑

𝑑𝑥
(𝑎𝑥) = 𝑎𝑥 log𝑒 𝑎    and  

𝑑

𝑑𝑥
(𝑒𝑥) = 𝑒𝑥. 

Here we define how to calculate the derivative of exponential function . 

(i) Derivative of 𝑎𝑥  

Let 𝑓(𝑥) = 𝑎𝑥, then 𝑓(𝑥 + ℎ) = 𝑎𝑥+ℎ  

Thus 𝑓(𝑥 + ℎ) − 𝑓(𝑥) = 𝑎𝑥+ℎ − 𝑎𝑥 = 𝑎𝑥(𝑎ℎ − 1) 

Now 
𝑓(𝑥+ℎ)−𝑓(𝑥)

ℎ
=

𝑎𝑥(𝑎ℎ−1)

ℎ
  

Proceeding the limit as h ends to 0,we have  

lim
ℎ→0

𝑓(𝑥 + ℎ) − 𝑓(𝑥)

ℎ
= 𝑎𝑥 . lim

ℎ→0

𝑎ℎ − 1

ℎ
 

∴ [lim
ℎ→0

(
𝑎ℎ − 1

ℎ
) = log𝑒 𝑎] 

∴ 𝑓′(𝑥) = 𝑎𝑥 log𝑒 𝑎 

Similarly other is define. 

 

MODEL QUESTIONS : 

Find the derivative of the following function with respect to x. 

(i) 
𝑑

𝑑𝑥
(𝑥3 + 𝑒𝑥 + cot 𝑥) =

𝑑

𝑑𝑥
(𝑥3) +

𝑑

𝑑𝑥
(𝑒𝑥) +

𝑑

𝑑𝑥
(cot 𝑥) = 3𝑥2 + 𝑒𝑥 − 𝑐𝑜𝑠𝑒𝑐2𝑥 

(ii) 
𝑑

𝑑𝑥
(log𝑒 𝑥3) =

𝑑

𝑑𝑥
(3 log𝑒 𝑥) = 3.

𝑑

𝑑𝑥
(log𝑒 𝑥) =

3

𝑥
 

 

 

 



 

 

 

MOST PROBABLE QUESTIONS:  

(1)  find the derivative of the following function 

(2) 
𝟑

√𝒙
𝟑 −

𝟓

𝒄𝒐𝒔 𝒙
+ log𝑒 𝑥 +

6

𝑠𝑖𝑛 𝑥
 

(3) 𝟑𝒂𝒙 

 

(1) find the derivative of each of the function. 

(i) 𝑥2 − 7 

(ii) 
1

2√cos 𝑥
(− sin 𝑥) 

(iii) 𝑎𝑥 . 2𝑥 + sec 𝑥. tan 𝑥  

(iv) 
𝑎𝑥(𝑥 𝑙𝑛 𝑎−1)+𝑏𝑥(1−𝑥 ln 𝑏)

𝑥2  

 

 

 

 

 

 

 

 

 

 

 

 

 



 

 

Notes -5 

Topic: DERIVATIVE OF LOGARITHMIC FUNCTIONS 

 DESCRIPTION:   

As the logarithmic function with base a(a>0,a≠ 1) and exponential function with the same 

base form a pair of mutually inverse functions, the derivative of the logarithmic function can 

also be found be using the inverse function theorem.  

First we should know the derivatives for the basic logarithmic functions. 

(i) 
𝑑

𝑑𝑥
(ln(𝑥)) =

1

𝑥
             (iii) 

𝑑

𝑑𝑥
(log𝑎 𝑥) =

1

𝑥 log𝑎 𝑥
 

(ii) 
𝑑

𝑑𝑥
log𝑏 𝑥 =

1

ln(𝑏).𝑥
       

Let 𝑓(𝑥) = log𝑎 𝑥  ∴ 𝑓(𝑥 + ℎ) = log𝑎(𝑥 + ℎ) 

∴ 𝑓(𝑥 + ℎ) − 𝑓(𝑥) = log𝑎(𝑥 + ℎ) − log𝑎 𝑥 

=log𝑎 (
𝑥+ℎ

ℎ
) = log𝑎(1 +

ℎ

𝑥
) 

=∴  
𝑓(𝑥+ℎ)−𝑓(𝑥)

ℎ
=

1

ℎ
log𝑎(1 +

ℎ

𝑥
) 

=
1

𝑥
.

𝑥

ℎ
 log𝑎 (1 +

ℎ

𝑥
) =

1

𝑥
. log𝑎(1 +

ℎ

2
)

𝑥

ℎ 

= ∴  lim
ℎ→0

𝑓(𝑥+ℎ)−𝑓(𝑥)

ℎ
=

1

𝑥
. lim

ℎ→0
(1 +

ℎ

𝑥
)

𝑥

ℎ 

=
1

𝑥
. log𝑎 lim

ℎ→0
( 1 +

ℎ

𝑥
)

𝑥

ℎ 

∴ 𝑓′(𝑥) =
1

𝑥
 log𝑎 𝑒             [since lim

ℎ→0
(1 +

ℎ

𝑥
)

𝑥

ℎ = 𝑒] 

Hence we can written as log𝑎 𝑒 =
1

log𝑒 𝑎
    [𝑠𝑖𝑛𝑐𝑒 log𝑎 𝑒 . log𝑒 𝑎 = 1] 

Thus 
𝑑

𝑑𝑥
(log𝑎 𝑥) =

1

𝑥 log 𝑎
 

 

MODEL QUESTIONS : find the derivative of the following problems  

(1) Y=2 ln (3𝑥2-1) 

Ans: let we put u=3𝑥2 − 1 then derivative of u is given by 

U’=
𝑑𝑢

𝑑𝑥
= 6𝑥  so the final answer is 

𝑑𝑦

𝑑𝑥
= 2

𝑢′

𝑢
= 2 ×

6𝑥

3𝑥2−1
=

12𝑥

3𝑥2−1
 

(2) Y=x(𝑙𝑛3 𝑥) 



Ans:  The notation  y=𝑥(𝑙𝑛3 𝑥) means y=𝑥 (ln 𝑥)3 

This is the product of 𝑥 𝑎𝑛𝑑 (ln 𝑥)3. so 
𝑑𝑦

𝑑𝑥
= 𝑥

3(ln 𝑥)2

𝑥
+ (ln 𝑥)3(1) 

                                                                             =3(ln 𝑥)2 + (ln 𝑥)3 

                                                                             =(ln 𝑥)2(3 + ln 𝑥) 

MOST PROBABLE QUESTIONS: 

 find the derivative of the following functions  

(1) 3 ln 𝑥𝑦 + sin 𝑦 = 𝑥2  

(2) 𝑦 = (sin 𝑥)2 by first taking logarithmic of each side of the equation . 

(3) 𝑦 = ln (𝑐𝑜𝑠 𝑥2) 

find the derivative of the functions  

(i) 𝑦 = log2 6𝑥 

(ii) 𝑦 = 3 log7(𝑥2 + 1) 

(1) Y=ln tan 
𝑥

𝑦
 

(2) Y=ln (𝑥 + √𝑥2 + 𝑎2) 

(3) Y = ln (
1

√1−𝑥4
) 

 

 

 

 

 

 

 

 

 

 

 



 

 

Notes -6 

Topic: DERIVAT IVE OF SOME STANDARD FUNCTIONS  

DESCRIPTION:  

We can algebraically find the derivative of all standard function. That is included exponential 

function ,trigonometric function, exponential function, logarithmic function and inverse 

trigonometric function.  

Previously we discuss most of all types of derivative functions. Here we discuss the inverse 

trigonometry function. Lets discuss some standard formulas . 

(1) 
𝑑

𝑑𝑥
(𝑥𝑛) = 𝑛𝑥𝑛−1 

(2) 
𝑑

𝑑𝑥
(𝑎𝑥) = 𝑎𝑥 log𝑒 𝑎 

(3) 
𝑑

𝑑𝑥
(log𝑎 𝑥) = 

(4) 
𝑑

𝑑𝑥
(𝑒𝑥) = 

(5) 
𝑑

𝑑𝑥
(sin−1 𝑥) =

1

√1−𝑥2
 

(6) 
𝑑

𝑑𝑥
(cos−1 𝑥) =

−1

√1−𝑥2
 

(7) 
𝑑

𝑑𝑥
(tan−1 𝑥) =

1

1+𝑥2 

(8) 
𝑑

𝑑𝑥
(cot−1 𝑥) =

−1

1+𝑥2 

(9) 
𝑑

𝑑𝑥
(sec−1 𝑥) =

1

√𝑥2(√𝑥2−1)

 

(10) 
𝑑

𝑑𝑥
(csc−1 𝑥) =

−1

√𝑥2(√𝑥2−1)

 

 

MODEL QUESTIONS:  Find the derivative of following functions. 

(1) Y=sin−1 2𝑥 

Ans:  
𝑑

𝑑𝑥
(sin−1 2𝑥) =

1

√1−(2𝑥)2
=

1

√1−4𝑥2
 

(2) Y=sin−1[𝑥√1 − 𝑥 − √𝑥√1 − 𝑥2]  find 
𝑑𝑦

𝑑𝑥
 

Ans: putting x=sin 𝜃 and √𝑥 = sin 𝜑 

We  get y=sin−1[𝑠𝑖𝑛𝜃 cos 𝜑 − sin 𝜑 cos 𝜃 

                = sin−1[sin(𝜃 − 𝜑)] = (𝜃 − 𝜑) = sin−1 𝑥 − sin−1 √𝑥  

      ∴
𝑑𝑦

𝑑𝑥
=

𝑑

𝑑𝑥
(sin−1 𝑥 − sin−1 √𝑥) =

𝑑

𝑑𝑥
(sin−1 𝑥) −

𝑑

𝑑𝑥
(sin−1 √𝑥) 

     =[
1

√1−𝑥2
−

1

2√𝑥.√1−𝑥
] 



 

 

MOST PROBABLE QUESTIONS: 

 find the derivative of the followings: 

(1) Y=tan−1 √𝑥 

(2) Y=cos−1(cot 𝑥) 

(3) Y=cos−1(tan 𝑥) 

differentiate the following functions: 

(1) Y=√cot−1 √𝑥 

(2) If Y= 
𝑥 sin−1 𝑥

√1−𝑥2
  𝑓𝑖𝑛𝑑 

𝑑𝑦

𝑑𝑥
 

(3) 𝑦 = (
1−cos 𝑥

sin 𝑥
) 

 Find the derivative of the following functions  

(1) tan−1(√
1−cos 𝑥

1+cos 𝑥
) 

(2) tan−1(sec 𝑥 + tan 𝑥) 

(3) cos−1(√
1+cos 𝑥

2
 

 

 

 

 

 

 

 

 

 

 

 

 

 



 

Notes -7 

Topic:  DERIVATIVE OF COMPOSITE FUNCTION(CHAIN RULE)  

DESCRIPTION:  

We have been differentiating  y, a function of x with respect to x. We also comes across 

since u when y is a function of ‘u’ and ‘u’ is a function of x that is y=f(u) and u=g(x) then 

y=f|g(x)| in this case we say y is a function of a function or y is a composite function.   

We shall now find in method of differentiating composite function. 

(chain rule) if u is a function of y define by y=f(u) and u is a function of x define by u=g(x), 

then y is a function of x and 
𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑢
.

𝑑𝑢

𝑑𝑥
 

Lets more describe about chain rule. Suppose that we have two functions f(x) and g(x) and they are 

both differentiable . 

(1) If we define F(x) =(f o g)(x) then the derivative of F(x) is F’(x)= f’(g(x) g’(x)) 

(2) If we have y=f(u) and u =g(x) then derivative of y is 
𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑢
.

𝑑𝑢

𝑑𝑥
  

Corollary :if y=f(u) , u=g(v) and v=h(x)   then  
𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑢
.

𝑑𝑦

𝑑𝑣
.

𝑑𝑣

𝑑𝑥
 . 

By using these formulas we solve the problems. 

 

MODEL QUESTIONS : solve these problems  by using the chain rule. 

(1) Y=(2𝑥3 − 1)4 𝑓𝑖𝑛𝑑 
𝑑𝑦

𝑑𝑥
 

Ans: let u=2𝑥3 − 1  ∴ 𝑦 = 𝑢4 then 
𝑑𝑦

𝑑𝑢
= 4𝑢3 𝑎𝑛𝑑 

𝑑𝑢

𝑑𝑥
= 6𝑥2 

By chain rule ,
𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑢
.

𝑑𝑢

𝑑𝑥
= 4𝑢3. 6𝑥2 = 24𝑥2(2𝑥3 − 1)3. 

(2) Y=√𝑎𝑥2 + 𝑏𝑥 + 𝑐 

Ans: let u=a𝑥2 + 𝑏𝑥 + 𝑐 

then y=√𝑢 𝑡ℎ𝑒𝑛 
𝑑𝑦

𝑑𝑢
=

𝑑

𝑑𝑢
(√𝑢) =

1

2√𝑢
 

and 
𝑑𝑢

𝑑𝑥
=

𝑑

𝑑𝑥
(𝑎𝑥2 + 𝑏𝑥 + 𝑐) = 𝑎. 2𝑥 + 𝑏. 1 + 0 

=2ax+b 

By chain rule 
𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑢
.

𝑑𝑢

𝑑𝑥
=

1

2√𝑢
. (2𝑎𝑥 + 𝑏) =

2𝑎𝑥+𝑏

2√𝑎𝑥2+𝑏𝑥+𝑐
 

 

 

 



MOST PROBABILITY QUESTIONS: find 
𝒅𝒚

𝒅𝒙
 

(1) 𝑦 = √
1−tan 𝑥

1+tan 𝑥
 

(2) 𝑦 =
1

(𝑥3+sin 𝑥)2 

(3) 𝑦 = ln(√𝑥 + 1) 

(1) 𝑦 = (
7𝑥

𝑥2+1
)3 𝑓𝑖𝑛𝑑 

𝑑𝑦

𝑑𝑥
 

(2) 𝑖𝑓 𝑓(𝑥) = 𝑠𝑖𝑛3𝑥, 𝑓𝑖𝑛𝑑 𝑓′(𝑥) 

(3) 𝑓𝑖𝑛𝑑 𝑡ℎ𝑒 𝑑𝑒𝑟𝑖𝑣𝑎𝑡𝑖𝑣𝑒 𝑜𝑓 sin 𝑥0 

using chain rule to find the derivative of the following. 

(1) 𝑒𝑠𝑖𝑛2
𝑥 

(2) √𝑒√𝑥 

(3) Log(log x) 

 

 

 

 

 

                                              

 

 

 

 

 

   

 

                       



                                                 Notes -8 

TOPIC: DERIVATIVE OFCOMPOSITE FUNCTION( CHAIN RULE) 

DESCRIPTION: 

Already we discuss chain rule in previous lecture now we discus some extra problem., We 

have been differentiating  y, a function of x with respect to x. We also comes across since u 

when y is a function of ‘u’ and ‘u’ is a function of x that is y=f(u) and u=g(x) then y=f|g(x)| in 

this case we say y is a function of a function or y is a composite function. We shall now find 

in method of differentiating composite function. 

(chain rule) if u is a function of y define by y=f(u) and u is a function of x define by u=g(x), 

then y is a function of x and 
𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑢
.

𝑑𝑢

𝑑𝑥
 

Lets more describe about chain rule. Suppose that we have two functions f(x) and g(x) and they are 

both differentiable . 

(1) If we define F(x) =(f o g)(x) then the derivative of F(x) is F’(x)= f’(g(x) g’(x)) 

(2) If we have y=f(u) and u =g(x) then derivative of y is 
𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑢
.

𝑑𝑢

𝑑𝑥
  

Corollary :if y=f(u) , u=g(v) and v=h(x)   then  
𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑢
.

𝑑𝑦

𝑑𝑣
.

𝑑𝑣

𝑑𝑥
 . 

By using these formulas we solve the problems . 

MODEL QUESTIONS : 

(1) Differentiate 𝑠𝑖𝑛2 𝑥3 𝑏𝑦 𝑢𝑠𝑖𝑛𝑔 𝑐ℎ𝑎𝑖𝑛 𝑟𝑢𝑙𝑒. 

Ans: Let y=𝑛2and u=sin 𝑥3 

That is y=𝑛2,u=sin v and v=𝑥3  

Applying these chain rule, 

𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑢
.
𝑑𝑢

𝑑𝑣
.
𝑑𝑣

𝑑𝑥
 

Now 
𝑑𝑦

𝑑𝑢
= 2𝑢,

𝑑𝑢

𝑑𝑣
= cos 𝑣 and 

𝑑𝑣

𝑑𝑥
= 3𝑥2 

By putting these value to the above equation we get that 
𝑑𝑦

𝑑𝑥
= 2𝑢. cos 𝑣. 3𝑥2 =

6𝑥2 sin 𝑥3 cos 𝑥3 .          

 

 

 

 

 

 

 



MOST PROBABLE QUESTIONS: 

using chain rule to find the derivative of each of the following  

(1) [tan (3𝑥2 + 5)]8 

(2) √tan 𝑥 

(3) (
2 tan 𝑥

tan 𝑥+cos 𝑥
)2   

(1) log (
1−𝑥

1+𝑥
) 

(2) log (𝑥 + √𝑥2 + 𝑎) 

(3) 
log 𝑥

1+𝑥 log 𝑥
 

find the derivative of the following functions by using chain rule. 

(1) (3𝑥2 + 2𝑥 + 1)8 

(2) (𝑥2 + 3)4 

(3) Sin 6x + cos 7x 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Notes -9 

TOPIC :  DERIVATIVE OF COMPOSITE FUNCTION (CHAIN RULE) 

DESCRIPTION: 

 Already we discuss chain rule in previous lecture now we discus some extra problem., We have 

been differentiating  y, a function of x with respect to x. We also comes across since u when y is a 

function of ‘u’ and ‘u’ is a function of x that is y=f(u) and u=g(x) then y=f|g(x)| in this case we say y is 

a function of a function or y is a composite function  

 We shall now find in method of differentiating composite function. 

(chain rule) if u is a function of y define by y=f(u) and u is a function of x define by u=g(x) 

then y is a function of x and 
𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑢
.

𝑑𝑢

𝑑𝑥
 

Lets more describe about chain rule. Suppose that we have two functions f(x) and g(x) and they are 

both differentiable . 

(1) If we define F(x) =(f o g)(x) then the derivative of F(x) is F’(x)= f’(g(x) g’(x)) 

(2) If we have y=f(u) and u =g(x) then derivative of y is 
𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑢
.

𝑑𝑢

𝑑𝑥
  

Corollary :if y=f(u) , u=g(v) and v=h(x)   then  
𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑢
.

𝑑𝑦

𝑑𝑣
.

𝑑𝑣

𝑑𝑥
 . 

By using these formulas we solve the problems . 

 

MODEL QUESTIONS : differentiate each of the following with respect to x. 

(1) 𝑙𝑜𝑔𝑥. 𝑒sin 𝑥+𝑥3
 

Ans: let 𝑦 = log 𝑥. 𝑒sin 𝑥+𝑥3
 

By using product rule , 

 
𝑑𝑦

𝑑𝑥
= log 𝑥.

𝑑

𝑑𝑥
(𝑒sin 𝑥+𝑥3)+𝑒sin 𝑥+𝑥3. 𝑑

𝑑𝑥
(log 𝑥) 

= log 𝑥. 𝑒sin 𝑥+𝑥3
. (cos 𝑥 + 3𝑥2) + 𝑒sin 𝑥+𝑥3

.
1

𝑥
 

= 𝑒sin 𝑥+𝑥3
[(cos 𝑥 + 3𝑥2) log 𝑥 +

1

𝑥
] 

(2) log [log (log 𝑥)] 

Ans: let 𝑦 = log [log (log 𝑥)]  

Then 
𝑑𝑦

𝑑𝑥
=

1

log (𝑙𝑜𝑔 𝑥)
.

𝑑

𝑑𝑥
log(log 𝑥) 

=  
1

log (log 𝑥)
.

1

log 𝑥
.

𝑑

𝑑𝑥
(log 𝑥) 

= 
1

log (log 𝑥).(log 𝑥)
.

1

𝑥
 

(3) find the differential coefficient of sin [cos(𝑡𝑎𝑛𝑥)] 



Ans: let  𝑦 = sin [cos (tan 𝑥)] 

𝑑𝑦

𝑑𝑥
= cos [cos (tan 𝑥)].

𝑑

𝑑𝑥
[cos(𝑡𝑎𝑛𝑥)] 

= cos [cos (tan 𝑥)][−sin (tan 𝑥)].
𝑑

𝑑𝑥
(tan 𝑥) 

=− cos[cos (tan 𝑥)[sin (tan 𝑥)]. 𝑠𝑒𝑐2𝑥 

MOST PROBABLE QUESTIONS: 

 using chain rule to find the derivative of each of the following. 

(1)  log [(𝑠𝑖𝑛𝑥)cos 𝑥  

(2) √cot 𝑥 

(3) (3𝑥4 − 2 

(4) √sin 𝑥 

(5) log (sin 𝑥) 

(6) 𝑐𝑜𝑠2√𝑥 

find the differential coefficient of  

(1) 𝑥3𝑠𝑖𝑛4𝑥(log 𝑥)5 

(2) log {𝑥 − 3√𝑥2 − 6𝑥 + 1} 

 

 

 

 

                                             

 

 

                                                   

 

 

 

                                                   



                                                      Notes -10 

TOPIC : DIFFERENTIATION  

DESCRIPTION: Let 𝑓(𝑥) be a real function and a be any number .Then we define  

(i) Right-Hand Derivative: 

lim
ℎ→0

𝑓(𝑎+ℎ)−𝑓(𝑎)

ℎ
 if it exits is called the right-hand derivative of f(x) at x=a and it  

Is denoted by Rf’(a).   

(ii) Left-Hand Derivative: 

lim
ℎ→0

𝑓(𝑎−ℎ)−𝑓(𝑎)

−ℎ
 if it exits, is called the left-hand derivative of f(x) at x=a and it is 

denoted by Lf’(a). 

  (Differentiability)  

A function f(x) is said to be  a differentiable at x=a, if Rf’(a)=Lf’(a). If, however 

Rf’(a)≠Lf’(a),we say that f(x) is not differentiable at x=a. 

(Relation between continuity and Differentiability) 

Every differentiable function is continuous ,but every continuous function is not differentiable . 

Proof: let f(x) be a differentiable function and let a be  any real number in its domain. 

Then,lim
ℎ→0

𝑓(𝑎+ℎ)−𝑓(𝑎)

ℎ
= 𝑓′(𝑎) 

Now , lim
ℎ→0

[𝑓(𝑎 + ℎ) −𝑓(𝑎) 

= lim
ℎ→0

[
𝑓(𝑎+ℎ)−𝑓(𝑎)

ℎ
× ℎ] 

=lim
ℎ→0

𝑓(𝑎+ℎ)−𝑓(𝑎)

ℎ
× lim

ℎ→0
ℎ 

=𝑓′(𝑎) × 0 = 0 

Thus lim
ℎ→0

[𝑓(𝑎 + ℎ) − 𝑓(𝑎)]=0 

lim
ℎ→0

𝑓(𝑎 + ℎ) = 𝑓(𝑎). 

 

 

 

 

 



 

MODEL QUESTIONS :  show that the function 𝑓(𝑥) = 𝑥2 is differentiable at x=1 

Ans:  𝑅𝑓′(𝑥)=lim
ℎ→0

𝑓(𝑥+ℎ)−𝑓(𝑥)

ℎ
 

                      = lim
ℎ→0

(1+ℎ)2−(1)2

ℎ
 

                      =lim
ℎ→0

1+ℎ2+2ℎ−1

ℎ
= lim

ℎ→0
(ℎ + 2) = 2 

 

                                          = lim
ℎ→0

1+ℎ2−2ℎ−1

−ℎ
= lim

ℎ→0
(−ℎ + 2) = 2 

∴ 𝑅𝑓′(1) = 𝐿𝑓′(1) = 2 

this show that f(x) is differentiable at x=1 and f’(1)=2 

MOST PROBABLE QUESTIONS: 

(1) Show that f(x)=[𝑥] is not differentiable at x=1 

(2) Show that the constant function is differentiable or not . 

(3) Show that f(x)=x is differentiable or not at x=1 

(4) Show that the function 𝑓(𝑥) = {1 + 𝑥 , 𝑖𝑓 𝑥 ≤ 2 |5 − 𝑥, 𝑖𝑓 𝑥 > 2} is not differentiable at x=1. 

(5) Show that 𝑓(𝑥) = |𝑥| is differentiable or not at x=0. 

(6) Show that 𝑓(𝑥) = log 𝑥 is differentiable or not at x=0. 

(7) Show that the function 𝑓(𝑥) = {𝑥 sin
1

𝑥
, 𝑤ℎ𝑒𝑛 𝑥 ≠ 0|0, 𝑤ℎ𝑒𝑛 𝑥 = 0} is continuous but not 

differentiable at x=0. 

(8) Show that the function 𝑓(𝑥) = {𝑥2 cos
1

𝑥
, 𝑤ℎ𝑒𝑛 𝑥 ≠ 0 |0, 𝑤ℎ𝑒𝑛 𝑥 = 0} is weather 

continuous or differentiable or both at x=0. 

 

 

 

 

 

 



 

Notes-11 

TOPIC : METHODE OF DIFFERENTIATION (parametric function)  

DESCRIPTION: 

Some times both 𝑥 and 𝑦 may be given as functions of another variable called a parameter. 

For example ,any point (𝑥, 𝑦) on the circle 𝑥2 + 𝑦2 = 𝑟2 can be given by 𝑥 = 𝑟𝑐𝑜𝑠 𝑡, 𝑦 = 𝑟 sin 𝑡, the 

variable quantity t is called parameter. The function consider these variable is called parametric 

function. 

The  term parameter is also used to mean a quantity which is invariable for a given curve but 

changes when we move from the curve of a given type to another. In such case the derivative  is 

given in terms of the variable parameter .In such case the derivative is given in Sterms of the variable 

parameter 

We shall n0w discuss the method of finding 
𝑑𝑦

𝑑𝑥
 𝑤ℎ𝑒𝑛 𝑥 𝑎𝑛𝑑 𝑦 𝑎𝑟𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡. 

Let  𝑥 = 𝑓(𝑡)𝑎𝑛𝑑 𝑦 = 𝑔(𝑡) corresponding to an increment 𝛿𝑡 in t, there are increments 𝛿𝑥 𝑎𝑛𝑑 𝛿𝑦 

in x and y respectively. 

Then 𝑥 + 𝛿𝑥 = 𝑓(𝑡 + 𝛿𝑡) 𝑎𝑛𝑑  𝑦 + 𝛿𝑦 = 𝑔(𝑡 + 𝛿𝑡) 

∴  𝛿𝑥 = 𝑓(𝑡 + 𝛿𝑡) − 𝑓(𝑡) 

And 𝛿𝑦 = 𝑔(𝑡 + 𝛿𝑡) − 𝑔(𝑡)  from these two equation combine we get  

𝛿𝑦

𝛿𝑥
=

𝑔(𝑡 + 𝛿𝑡) − 𝑔(𝑡)

𝑓(𝑡 + 𝛿𝑡) − 𝑓(𝑡)
=

𝑔(𝑡 + 𝛿𝑡) − 𝑔(𝑡)

𝑓(𝑡 + 𝛿𝑡) − 𝑓(𝑡)
 .

𝛿𝑡

𝛿𝑡
 

= 
𝑔(𝑡+𝛿𝑡)−𝑔(𝑡)

𝛿𝑡
 .

𝛿𝑡

𝑓(𝑡+𝛿𝑡)−𝑓(𝑡)
  

Now as 𝛿𝑡 → 0, 𝛿𝑥 → 0 𝑎𝑛𝑑 𝛿𝑦 → 0   

∴  lim
𝛿𝑡→0

𝑔(𝑡 + 𝛿𝑡) − 𝑔(𝑡)

𝛿𝑡
 ÷  lim

𝛿𝑡→0

𝑓(𝑡 + 𝛿𝑡) − 𝑓(𝑡)

𝛿𝑡
 

 ∴
𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑡
÷

𝑑𝑥

𝑑𝑡
=

𝑑𝑦
𝑑𝑡⁄

𝑑𝑥/𝑑𝑡
 

 

MODEL QUESTIONS :  

(1) If 𝑥 = 𝑎𝑡2 and 𝑦 = 2𝑏𝑡, find 
𝑑𝑦

𝑑𝑥
 

Ans: Here 𝑥 = 𝑎𝑡2 and 𝑦 = 2𝑏𝑡 



𝑑𝑥

𝑑𝑡
= 2𝑎𝑡 , 

𝑑𝑦

𝑑𝑡
= 2𝑏 then 

𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑡
 .

𝑑𝑡

𝑑𝑥
=

2𝑏

2𝑎𝑡
=

𝑏

𝑎𝑡
. 

(2) If 𝑦 = 𝑎 cos 𝜃 and 𝑥 = 𝑎(𝜃 + sin 𝜃) ,find 
𝑑𝑦

𝑑𝑥
 

Ans:  𝑦 = 𝑎 cos 𝜃 𝑎𝑛𝑑 𝑥 = 𝑎(𝜃 + sin 𝜃) 
𝑑𝑦

𝑑𝜃
= −𝑎 sin 𝜃, and 

𝑑𝑥

𝑑𝜃
= 𝑎(1 + cos 𝜃) 

𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝜃
 .

𝑑𝜃

𝑑𝑦
 

= 
− a sin 𝜃

𝑎(1+cos 𝜃)
 

= 
−2 sin

𝜃

2
 .  𝑐𝑜𝑠

𝜃

2

2 𝑐𝑜𝑠2𝜃

2

= − tan
𝜃

2
 

 

MOST PROBABLE QUESTIONS:  

(1) Find the derivative of 𝑥 = 𝑎 𝑠𝑖𝑛3𝑡 𝑎𝑛𝑑 𝑦 = 𝑏 𝑐𝑜𝑠3𝑡 

(2) 𝑥 =
2𝑎𝑡

1+𝑡2  𝑎𝑛𝑑 𝑦 =
2𝑏𝑡

1−𝑡2 find the derivative. 

(3) Find the derivative of the function 𝑥 =
1−𝑡2

1+𝑡2  𝑎𝑛𝑑 𝑦 =
2𝑡

1+𝑡2 

(4) 𝒙 = 𝑎𝑡2 𝑎𝑛𝑑 𝑦 = 𝑎𝑡3 

(5) 𝑥 =
𝑎(1−𝑡)

1+𝑡2  and 𝑦 = 𝑎𝑡(
1−𝑡2

1+𝑡2) 

(6) 𝑥 = 𝑎 (𝜃 +
1

𝜃
) 𝑎𝑛𝑑 𝑦 = 𝑎(𝜃 −

1

𝜃
) 

 

 

 

 

 

 

 

 

 

 

 



 

Notes -12 

TOPIC :DIFFERENTIATION OF PARAMETRIC FUNCTION 

DESCRIPTION: 

Some times both 𝑥 and 𝑦 may be given as functions of another variable called a parameter. 

For example ,any point (𝑥, 𝑦) on the circle 𝑥2 + 𝑦2 = 𝑟2 can be given by 𝑥 = 𝑟𝑐𝑜𝑠 𝑡, 𝑦 = 𝑟 sin 𝑡, the 

variable quantity  t is called parameter. The function consider these variable is called parametric 

function. 

The  term parameter is also used to mean a quantity which is invariable for a given curve but 

changes when we move from the curve of a given type to another. In such case the derivative  is 

given in terms of the variable parameter .In such case the derivative is given in terms of the variable 

parameter .  

We shall n0w discuss the method of finding 
𝑑𝑦

𝑑𝑥
 𝑤ℎ𝑒𝑛 𝑥 𝑎𝑛𝑑 𝑦 𝑎𝑟𝑒 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛 𝑜𝑓 𝑡. 

Let  𝑥 = 𝑓(𝑡)𝑎𝑛𝑑 𝑦 = 𝑔(𝑡) corresponding to an increment 𝛿𝑡 in t, there are increments 𝛿𝑥 𝑎𝑛𝑑 𝛿𝑦 

in x and y respectively. 

Then 𝑥 + 𝛿𝑥 = 𝑓(𝑡 + 𝛿𝑡) 𝑎𝑛𝑑  𝑦 + 𝛿𝑦 = 𝑔(𝑡 + 𝛿𝑡) 

∴  𝛿𝑥 = 𝑓(𝑡 + 𝛿𝑡) − 𝑓(𝑡) 

And 𝛿𝑦 = 𝑔(𝑡 + 𝛿𝑡) − 𝑔(𝑡)  from these two equation combine we get  

𝛿𝑦

𝛿𝑥
=

𝑔(𝑡 + 𝛿𝑡) − 𝑔(𝑡)

𝑓(𝑡 + 𝛿𝑡) − 𝑓(𝑡)
=

𝑔(𝑡 + 𝛿𝑡) − 𝑔(𝑡)

𝑓(𝑡 + 𝛿𝑡) − 𝑓(𝑡)
 .

𝛿𝑡

𝛿𝑡
 

= 
𝑔(𝑡+𝛿𝑡)−𝑔(𝑡)

𝛿𝑡
 .

𝛿𝑡

𝑓(𝑡+𝛿𝑡)−𝑓(𝑡)
  

Now as 𝛿𝑡 → 0, 𝛿𝑥 → 0 𝑎𝑛𝑑 𝛿𝑦 → 0   

∴  lim
𝛿𝑡→0

𝑔(𝑡 + 𝛿𝑡) − 𝑔(𝑡)

𝛿𝑡
 ÷  lim

𝛿𝑡→0

𝑓(𝑡 + 𝛿𝑡) − 𝑓(𝑡)

𝛿𝑡
 

∴
𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑡
÷

𝑑𝑥

𝑑𝑡
=

𝑑𝑦
𝑑𝑡

⁄

𝑑𝑥/𝑑𝑡
 

 

MODEL QUESTIONS :  

(1) find 
dy

dx
, 𝑥 = 𝜃 + sin 𝜃, 𝑦 = 1 + cos 𝜃 𝑎𝑡 𝜃 =

𝜋

4
 

Ans: Here 𝑥 = 𝜃 + sin 𝜃 then 
𝑑𝑥

𝑑𝜃
= 1 + cos 𝜃 



Again 𝑦 = 1 + cos 𝜃 𝑡ℎ𝑒𝑛 
𝑑𝑦

𝑑𝜃
= − sin 𝜃 

𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝜃
.
𝑑𝜃

𝑑𝑥
=

− sin 𝜃

1 + cos 𝜃
 

[
𝑑𝑦

𝑑𝑥
]  𝑎𝑡 𝜃 =

𝜋

4
 = 

− sin
𝜋

4

1+cos
𝜋

4

 =
−

1

√2

1+
1

√2

=
−1

1+√2
 . 

 

(2) Find 
𝑑𝑦

𝑑𝑥
,  if 𝑥 = 3 cot 𝑡 − 2 𝑐𝑜𝑠3𝑡 , 𝑦 = 3 sin 𝑡 − 2𝑠𝑖𝑛3𝑡 

Ans:  Given 𝑥 = 3 cot 𝑡 − 2𝑐𝑜𝑠3𝑡 

Then 
𝑑𝑥

𝑑𝑡
=  −3 sin 𝑡 − 3(𝑐𝑜𝑠2𝑡). (− sin 𝑡) 

= −3 sin 𝑡 + 6 𝑐𝑜𝑠2𝑡. sin 𝑡 = 3 sin 𝑡. cos 2𝑡 

Again, 𝑦 = 3 sin 𝑡 − 2 𝑠𝑖𝑛3𝑡 

Then 
𝑑𝑦

𝑑𝑡
= 3 cos 𝑡 − 6 𝑠𝑖𝑛2𝑡 . cos 𝑡 

=3 cos 𝑡(1 − 2 𝑠𝑖𝑛2𝑡) = 3 cos 𝑡. cos 2𝑡 
dy

dx
=  

𝑑𝑦

𝑑𝑡
.
𝑑𝑡

𝑑𝑥
 = 

3 cos 𝑡.cos 2𝑡

3 sin 𝑡.cos 2𝑡
 

MOST PROBABILITY QUESTIONS: 

(1) Find 
𝑑𝑦

𝑑𝑥
, if 𝑠𝑖𝑛𝑥 =

2𝑡

1+𝑡2 , tan 𝑦 =
2𝑡

1−𝑡2 

(2) 𝑓𝑖𝑛𝑑 
𝑑𝑦

𝑑𝑥
 𝑤ℎ𝑒𝑟𝑒 𝑦 = 𝑥4 log 𝑥 

(3) What is the derivative of 𝑥|𝑥|𝑎𝑡 𝑥 = 2 

(4) 𝑥 = 𝑎(𝜃 + 𝑠𝑖𝑛𝜃) 𝑎𝑛𝑑 𝑦 = 𝑎(1 − cos 𝜃) 

(5) 𝑥 =
𝑎𝑡2

1+𝑡2  𝑎𝑛𝑑 𝑦 =
𝑎𝑡3

1+𝑡2 

(6) 𝑥 = 𝑎√
𝑡2−1

𝑡2+1
 𝑎𝑛𝑑 𝑦 = 𝑎𝑡√

𝑡2−1

𝑡2+1
 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



Notes -13 

TOPIC :DIFFERENTIATION OF FUNCTION WITH RESPECT TO FUNCTION 

DESCRIPTION: IF 𝑌 = 𝑓(𝑋) is differentiable , then the derivative of y with respect to x is 

𝑑𝑦

𝑑𝑥
= lim

ℎ→0

𝑓(𝑥 + ℎ) − 𝑓(𝑥)

ℎ
 

If 𝑓 𝑎𝑛𝑑 𝑔 are differentiable functions of x and if 
𝑑𝑓

𝑑𝑔
 =  

𝑑𝑓

𝑑𝑥
𝑑𝑔

𝑑𝑥

=
𝑓′(𝑥)

𝑔′(𝑥)
 

  

The understanding of the differentiation of the function with respect to a function  

IF 𝑌 = 𝑓(𝑋) is differentiable , then the derivative of y with respect to x is 

𝑑𝑦

𝑑𝑥
= lim

ℎ→0

𝑓(𝑥 + ℎ) − 𝑓(𝑥)

ℎ
 

If 𝑓 𝑎𝑛𝑑 𝑔 are differentiable functions of x and if 
𝑑𝑓

𝑑𝑔
 =  

𝑑𝑓

𝑑𝑥
𝑑𝑔

𝑑𝑥

=
𝑓′(𝑥)

𝑔′(𝑥)
 

Which is same as the definition. 

Suppose we have two differentiable functions given by 𝑦 = 𝑓(𝑥) and 𝑧 = 𝑔(𝑥). To find the 

derivative of y with respect to z .we regard x as a parameter and find   

𝑑𝑦

𝑑𝑥
= 𝑓′(𝑥), 𝑎𝑛𝑑 

𝑑𝑧 

𝑑𝑥 
= 𝑔′(𝑥) 

i.e.  
𝑑𝑦

𝑑𝑧
=

𝑑𝑦

𝑑𝑥
.

𝑑𝑥

𝑑𝑧
 =

𝑓′(𝑥)

𝑔′(𝑥)
 

 

MODEL QUESTIONS :  

(1) Differentiate tan−1 𝑥 w.r.t tan−1 √1 + 𝑥2. 

Ans: Let y= tan−1 𝑥 and z=tan−1 √1 + 𝑥2 

∴ 
𝑑𝑦

𝑑𝑥
=

1

1+𝑥2, 
𝑑𝑧

𝑑𝑥
=

2𝑥

2(1+1+𝑥2)√1+𝑥2
 = 

𝑥

(2𝑥+𝑥2)√1+𝑥2
 

∴  
𝑑𝑦

𝑑𝑧
=

𝑑𝑦

𝑑𝑥
.

𝑑𝑥

𝑑𝑧
 

=
1

(1+𝑥2)
.

(2+𝑥2)√1+𝑥2

𝑥
 =

2+𝑥2

𝑥√1+𝑥2
  

(2) Differentiate sin−1(
2𝑥

1+𝑥2) w.r.t cos−1(
1−𝑥2

1+𝑥2) 

Ans: Set x= tan 𝜃 in both the expressions  

Let y = sin−1(
2𝑥

1+𝑥2) and z = cos−1(
1−𝑥2

1+𝑥2) 

Y = sin−1(
2𝑡𝑎𝑛𝜃

1+𝑡𝑎𝑛2 𝜃
) and z= cos−1(

1−𝑡𝑎𝑛2 𝜃

1+𝑡𝑎𝑛2𝜃
) 

Y=sin−1( 𝑠𝑖𝑛2𝜃) and z = cos−1( 𝑐𝑜𝑠2𝜃) 

Y= 2𝜃 and z=2𝜃 

Y = 2tan−1 𝑥 and z = 2tan−1 𝑥 
𝑑𝑦

𝑑𝑥
=

2

1+𝑥2 and 
𝑑𝑧

𝑑𝑥 
=  

2

1+𝑥2 
 



𝑑𝑦

𝑑𝑧
=

𝑑𝑦

𝑑𝑥
.

𝑑𝑥

𝑑𝑧 
=

2

(1+𝑥2)

(1+𝑥2)

2
 =1. 

 

MOST PROBABLE QUESTIONS: 

(1) Differentiate 𝑠𝑖𝑛2𝑥  w.r.t. (ln 𝑥)2. 

(2) Differentiate 𝑒tan 𝑥 w.r.t. sin x. 

(3) Differentiate 𝑒𝑠𝑖𝑛−1
w.r.t. 𝑒−𝑐𝑜𝑠−1 𝑥  

 

 

  

                                       

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



                                          Notes-14 
 

TOPIC:DIFFERENTIATION WITH RESPECT TO A FUNCTION   

DESCRIPTION:IF 𝑌 = 𝑓(𝑋) is differentiable , then the derivative of y with respect to x is 

𝑑𝑦

𝑑𝑥
= lim

ℎ→0

𝑓(𝑥 + ℎ) − 𝑓(𝑥)

ℎ
 

If 𝑓 𝑎𝑛𝑑 𝑔 are differentiable functions of x and if 
𝑑𝑓

𝑑𝑔
 =  

𝑑𝑓

𝑑𝑥
𝑑𝑔

𝑑𝑥

=
𝑓′(𝑥)

𝑔′(𝑥)
 

The understanding of the differentiation of the function with respect to a function  

IF 𝑌 = 𝑓(𝑋) is differentiable , then the derivative of y with respect to x is 

𝑑𝑦

𝑑𝑥
= lim

ℎ→0

𝑓(𝑥 + ℎ) − 𝑓(𝑥)

ℎ
 

If 𝑓 𝑎𝑛𝑑 𝑔 are differentiable functions of x and if 
𝑑𝑓

𝑑𝑔
 =  

𝑑𝑓

𝑑𝑥
𝑑𝑔

𝑑𝑥

=
𝑓′(𝑥)

𝑔′(𝑥)
 

Which is same as the definition. 

Suppose we have two differentiable functions given by 𝑦 = 𝑓(𝑥) and 𝑧 = 𝑔(𝑥). To find the 

derivative of y with respect to z .we regard x as a parameter and find   

𝑑𝑦

𝑑𝑥
= 𝑓′(𝑥), 𝑎𝑛𝑑 

𝑑𝑧 

𝑑𝑥 
= 𝑔′(𝑥) 

i.e.  
𝑑𝑦

𝑑𝑧
=

𝑑𝑦

𝑑𝑥
.

𝑑𝑥

𝑑𝑧
 =

𝑓′(𝑥)

𝑔′(𝑥)
 

MODEL QUESTION: 

(1) Differentiate tan−1 𝑥  𝑤. 𝑟. 𝑡 cos−1 𝑥 

Ans : let 𝑦 = tan−1 𝑥 and 𝑧 = cos−1 𝑥 

We have to find 
𝑑𝑦

𝑑𝑧
. Now  

𝑑𝑦

𝑑𝑥
=

1

1+𝑥2 and 
𝑑𝑧

𝑑𝑥
=

−1

√1−𝑥2
 

∴
𝑑𝑦

𝑑𝑧
=

𝑑𝑦

𝑑𝑥
.
𝑑𝑥

𝑑𝑧
=

−√1 − 𝑥2

1 + 𝑥2  

(2) Differentiate 𝑒sin 𝑥  𝑤. 𝑟. 𝑡 cos 𝑥 

Ans: let 𝑦 = 𝑒sin 𝑥  𝑎𝑛𝑑 𝑧 = cos 𝑥 

We have to find 
𝑑𝑦

𝑑𝑧
=

𝑑𝑦

𝑑𝑥
.

𝑑𝑥

𝑑𝑧
= 𝑒sin 𝑥 . cos 𝑥 ×

−1

sin 𝑥
= −𝑒sin 𝑥 . cot 𝑥 

(3) Differentiate 
1−cos 𝑥

1+cos 𝑥
 𝑤. 𝑟. 𝑡 

1−sin 𝑥

1+sin 𝑥
 

Ans: let 𝑦 =
1−cos 𝑥

1+cos 𝑥
  and 𝑧 =

1−sin 𝑥

1+sin 𝑥
 

Now, 
𝑑𝑦

𝑑𝑥
=

sin 𝑥(1+cos 𝑥)+sin 𝑥(1−cos 𝑥)

(1+cos 𝑥)2  

= 
sin 𝑥+𝑠𝑖𝑛𝑥 cos 𝑥+sin 𝑥(1−cos 𝑥)

(1+cos 𝑥)2 =
2 sin 𝑥

(1+cos 𝑥)2 

𝑑𝑧

𝑑𝑥
=

− cos(1 + 𝑠𝑖𝑛𝑥) − cos 𝑥(1 − sin 𝑥)

(1 + sin 𝑥)2 =
−2 cos 𝑥

(1 + sin 𝑥)2 



∴  
𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑥
.
𝑑𝑥

𝑑𝑧
 

 
2 sin x

(1+sin x)2 .
(1+sin x)2

(−2 cos x)
 =  − tan 𝑥 

(1+sin 𝑥)2

(1+cos 𝑥)2 

 

MOST PROBABLE QUESTIONS: 

(1) Differentiate √𝑥 with respect to 𝑥2 . 

(2) Differentiate sin x  w.r.t cos x. 

(3) Differentiate sin−1(
2𝑥

1+𝑥2) w.r.t cos−1 (
1−𝑥2

1+𝑥2 )
      

 

(4) Differentiate ( 
tan−1 𝑥

  1+tan−1 𝑥
) w.r.t tan−1 𝑥. 

(5) Differentiate tan−1  (
2𝑥

1−𝑥2    ) w.r.t sin−1(
2𝑥

1+𝑥2). 

(6) Differentiate  sin−1(
2𝑥

1+𝑥2) w.r.t tan−1 √
1−𝑥

1+𝑥
. 

(7) Differentiate ln( 𝑠𝑖𝑛 𝑥) w.r.t tan x. 

(8) Differentiate 𝑒sin−1 𝑥 w.r.t 𝑒− cos−1 𝑥. 

(9) Differentiate  
1−𝑐𝑜𝑠𝑥

1+𝑐𝑜𝑠𝑥 
 w.r.t 

1−𝑠𝑖𝑛𝑥

1+𝑠𝑖𝑛𝑥
. 

 

 

 

 

 

 

 

 

                                        

 

 

 

 

 

 

 

 

 

 



                                         Notes-15 
 

TOPIC:DIFFERENTIATION OF IMPLICITY FUNCTION 

DESCRIPTION: 

In mathematics ,an implicit equation is a relation of the form R(𝑥1,………,𝑥𝑛
)=0, where R is a 

function of several variable (often a polynomial). For example , the implicit equation of the u 

it circle is 𝑥2 + 𝑦2-1=0. 

Sometimes relationships cannot be represented by an explicit function . For example ,𝑥2 +

𝑦2 = 1.Implicithe differentiation helps us find dy/dx even for relationships like that. This is 

done using the chain rule, and viewing y as an implicit function of x. For example, according 

to the chain rule, the derivative of 𝑦2 would be 2y.(dy/dx). 

An implicit function is a function that is defined implicit by an implicit equation by associating one of 

the variables (the value ) with the others (the arguments) Thus ,an implicit function for y is the 

context of the unit circle is defined implicity by 𝑥2+f(𝑥)2-1 = 0 . The implicit function is defines f as a 

function  of x only if -1≤ x≤ 1 and one considers only non-negative (or non-positive) values of the 

function. 

 

MODEL QUESTION: 

(1) Find 
𝑑𝑦

𝑑𝑥
, when 𝑥2+𝑦2= 2axy 

Ans: given equation is 𝑥2 + 𝑦2=2axy 

Differentiating w.r.t. x  
𝒅

𝒅𝒙
(𝒙𝟐) +

𝒅

𝒅𝒙
(𝒚)𝟐= 2a 

𝒅

𝒅𝒙
(𝒙𝒚) 

=>  2𝑥 + 2𝑦 
dy

dx
 = 2a  [x.

𝑑𝑦

𝑑𝑥
+ 𝑦] 

=>x+y
𝑑𝑦

𝑑𝑥
= 𝑎𝑥

𝑑𝑦

𝑑𝑥
+ 𝑎𝑦 => 𝑦

𝑑𝑦

𝑑𝑥
− 𝑎𝑥

𝑑𝑦

𝑑𝑥
= 𝑎𝑦 − 𝑥    

=>(y-ax)
𝑑𝑦

𝑑𝑥
= 𝑎𝑦 − 𝑥 =>

𝑑𝑦

𝑑𝑥
=

𝑎𝑦−𝑥

𝑦−𝑎𝑥
. 

 

(2) Find 
𝑑𝑦

𝑑𝑥
, 𝑒𝑦 𝑙𝑛𝑥 + 𝑙𝑛𝑦 = 0 

Ans: Given equation is 𝑒𝑦𝑙𝑛𝑥 + 𝑙𝑛𝑦 = 0 

Differentiating w.r.t. x, we get  

(𝑒)𝑦
𝑑

𝑑𝑥
(𝑙𝑛𝑥) + 𝑙𝑛𝑥.

𝑑

𝑑𝑥
(𝑒𝑦) + 𝑥.

𝑑

𝑑𝑥
(𝑙𝑛𝑦) + 𝑙𝑛𝑦.

𝑑

𝑑𝑥
(𝑥) =  0 

=>  𝑒𝑦 .
1

𝑥
+ 𝑙𝑛𝑥. 𝑒𝑦 .

𝑑

𝑑𝑥
+ 𝑥.

1

𝑦

𝑑𝑦

𝑑𝑥
+ 𝑙𝑛𝑦 = 0 

=>
𝑑𝑦

𝑑𝑥
[𝑙𝑛𝑥. 𝑒𝑦 +

𝑥

𝑦
] = − (

𝑒𝑦

𝑥
+ 𝑙𝑛𝑦) 

=>  
𝑑𝑦

𝑑𝑥
= −

(
𝑒𝑦+𝑥𝑙𝑛𝑦

𝑥
)

𝑦𝑙𝑛𝑥.𝑒𝑦+𝑥

𝑦

=  −
𝑦(𝑒𝑦 + 𝑥𝑙𝑛𝑦)

𝑥(𝑦𝑙𝑛𝑥𝑒𝑦 + 𝑥)
 



MOST PROBABLE  QUESTIOS:  

Find the derivative of y w.r.t x 

(1) 𝑎𝑥2 + 𝑏𝑦2 = 25 

(2) 
𝑥2

9
+

𝑦2

16
= 1 

(3) 𝑒𝑥𝑦 +  𝑦𝑠𝑖𝑛𝑥 = 1 

(4) 𝒙𝟑 + 𝒚𝟑 = 𝟑𝒂𝒙𝒚 

(5) 𝑥𝑦 =  𝑒𝑥−𝑦 

(6) y tan x-𝑦2 𝑐𝑜𝑠𝑥 + 2𝑥 = 0                                   

(7) tan(x+y)+ tan(x-1)=0 

(8) 𝑥
1

2 𝑦−
1

2 + 𝑥
3

2  𝑦
−3

2 = 0 

(9)  ln √𝑥2 + 𝑦2 = tan−1(
𝑦

𝑥
) 
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TOPIC: DIFFERENTIATION OF IMPLICITY FUNCTION 

DESCRIPTION :  

In mathematics ,an implicit equation is a relation of the form R(𝑥1,………,𝑥𝑛
)=0, where R is a function of 

several variable (often a polynomial). For example , the implicit equation of the u it circle is 𝑥2 + 𝑦2-

1=0. 

Sometimes relationships cannot be represented by an explicit function . For example ,𝑥2 + 𝑦2 =

1.Implicithe differentiation helps us find dy/dx even for relationships like that.This is done using the 

chain rule, and viewing y as an implicit function of x. For example,according to the chain rule, the 

derivative of 𝑦2 would be 2y.(dy/dx). 

 

An implicit function is a function that is defined implicit by an implicit equation by associating one of 

the variables (the value ) with the others (the arguments) Thus ,an implicit function for y is the 

context of the unit circle is defined implicity by 𝑥2+f(𝑥)2-1 = 0 . The implicit function is defines f as a 

function  of x only if -1≤ x≤ 1 and one considers only non-negative (or non-positive) values of the 

function. 

 

 

MODEL QUESTION: 

(1)If 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0, 𝑓𝑖𝑛𝑑 
𝑑𝑦

𝑑𝑥
. 

Ans:  Given that  

𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0 … … . (1) 

Differentiating both sides of (i) with respect to x , we get : 

2ax+2h{x.
𝑑𝑦

𝑑𝑥
. 𝑦. 1} + 2𝑏𝑦.

𝑑𝑦

𝑑𝑥
+ 2𝑔 + 2𝑓.

𝑑𝑦

𝑑𝑥
= 0 

Or (2ax+2by+2g)+(2hx+2by+2f).
𝑑𝑦

𝑑𝑥
= 0 

∴  
𝑑𝑦

𝑑𝑥
= − (

𝑎𝑥 + ℎ𝑦 + 𝑔

ℎ𝑥 + 𝑏𝑦 + 𝑓
). 

  

(1) If √1 − 𝑥2 + √1 − 𝑦2=a(x-y), prove that 
𝑑𝑦

𝑑𝑥
= 

√1−𝑦2

√1−𝑥2
 

Ans: Given that  

√1 − 𝑥2 + √1 − 𝑦2 = 𝑎(𝑥 − 𝑦)           ..........(1) 

 

Putting x = sin 𝜃 and y=sin ∅, 𝑖𝑡 𝑏𝑒𝑐𝑜𝑚𝑒𝑠 

cos𝜃 + 𝑐𝑜𝑠∅ = 𝑎(𝑠𝑖𝑛𝜃 − 𝑠𝑖𝑛∅) 



or 
𝑐𝑜𝑠𝜃+𝑐𝑜𝑠∅

𝑠𝑖𝑛𝜃−𝑠𝑖𝑛∅
= 𝑎 

or 
2 cos(

𝜃+∅

2
)cos (

𝜃+∅

2
)

2 cos(
𝜃+∅

2
)+sin (

𝜃+∅

2
)
 =a 

∴ cot (
𝜃 − ∅

2
) = 𝑎 𝑜𝑟 𝜃 − ∅ = 2 cot−1 𝑎 

𝑇ℎ𝑢𝑠 sin−1 𝑥 − sin−1 𝑦 = 2 cot−1 𝑎 … … (𝑖𝑖) 
1

√1 − 𝑥2 
−

1

√1 − 𝑦2
.
𝑑𝑦

𝑑𝑥
= 0 

 

∴  
𝑑𝑦

𝑑𝑥
=

√1 − 𝑦2

√1 − 𝑥2
 

 

MOST PROBABLE QUESTIONS:  

(1) Find the derivatives of y w.r.t. x in  𝑥2 + 𝑦2+5xy=0 

(2) Find the derivative of  y w.r.t. x in 𝑠𝑖𝑛2𝑥 + 2 cos 𝑦 + 𝑥𝑦 = 0   

(3) Find 
𝑑𝑦

𝑑𝑥
, 𝑤ℎ𝑒𝑟𝑒 cos(𝑥 + 𝑦) = 𝑦 sin 𝑥 

(4) find 
𝑑𝑦

𝑑𝑥
, 𝑤ℎ𝑒𝑟𝑒 sin(𝑥𝑦) +

𝑥

𝑦
= 𝑥2 − 𝑦 

(5)  𝑓𝑖𝑛𝑑 
𝑑𝑦

𝑑𝑥
 , 𝑤ℎ𝑒𝑟𝑒 (cos 𝑥)𝑦 = (sin 𝑦)𝑥  

(6) Find 
𝑑𝑦

𝑑𝑥
 , 𝑤ℎ𝑒𝑟𝑒 𝑦 cot 𝑥 + 𝑦3 tan 𝑥 + sin 𝑥 = 0 
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TOPIC:DIFFERENTIATION 0f LOGARITHMIC 

DESCRIPTION : 

 IF we are required to find the differential coefficient of a function whose power is a function of x , 

the standard result obtained so far can not be applied directly .in such case we first take the 

logarithmic of the function and then differentiate . this method is called the logarithmic  

differentiation. 

when the given function is a power of some expression or a product of expression , we take 

logarithmic on both sides and differentiate the implicity function so obtained . 

 

now we discuss some rules, by use these things to solve the standard problems.  

(1) 𝑦 = [𝑓(𝑥)]𝑔(𝑥) 

𝑎𝑛𝑠: log 𝑦 = log [𝑓(𝑥)]𝑔(𝑥)   

= 𝑔(𝑥). log 𝑓(𝑥)  

(2) 𝑦 = [ 𝑓(𝑥). 𝑔(𝑥)] 

𝑎𝑛𝑠: log 𝑦 = log[𝑓(𝑥). 𝑔(𝑥)]    

= log 𝑓(𝑥) + log 𝑔(𝑥)  

(3) 𝑦 = [𝑓(𝑥)]𝑔(𝑥) + [ℎ(𝑥)]𝑣(𝑥) 

𝑎𝑛𝑠: 𝑙𝑒𝑡 𝑢 = [𝑓(𝑥)]𝑔(𝑥) , v=[ℎ(𝑥)]𝑣(𝑥) 

𝑦 = 𝑢 + 𝑣  
𝑑𝑦

𝑑𝑥
=

𝑑𝑢

𝑑𝑥
+

𝑑𝑣

𝑑𝑥
  

  

MODEL QUESTION: 

(1) Find 
𝑑𝑦

𝑑𝑥
 , 𝑤ℎ𝑒𝑛 𝑦 = 𝑥𝑥  

Ans:  𝑦 = 𝑥𝑥  taking logarithm on both sides , we get  

log 𝑦 = log 𝑥𝑥 = 𝑥 log 𝑥  

Differentiating both sides with respect to x , we get  
𝑑

𝑑𝑥
(log 𝑦) =

𝑑

𝑑𝑥
(𝑥 log 𝑥) = 𝑥.

𝑑

𝑑𝑥
(log 𝑥) + log 𝑥.

𝑑

𝑑𝑥
(𝑥)  

=>
1

𝑦
 
𝑑𝑦

𝑑𝑥
= 𝑥 .

1

𝑥
+ log 𝑥 = 1 + log 𝑥  

=>  
𝑑𝑦

𝑑𝑥
= (1 + log 𝑥)𝑦 =>  

𝑑𝑦

𝑑𝑥
= 𝑥𝑥(1 + log 𝑥)  

(2) Differentiate (tan 𝑥)𝑠𝑒𝑐𝑥  

Ans:   let 𝑦 = (tan 𝑥)sec 𝑥  

Taking log on both sides   

log 𝑦 = log(tan 𝑥)sec 𝑥   



On differentiation , 

1

𝑦
 .

𝑑𝑦

𝑑𝑥
= sec 𝑥 .

𝑠𝑒𝑐2𝑥

tan 𝑥
+ sec 𝑥 tan 𝑥. log (tan 𝑥)  

𝑑𝑦

𝑑𝑥
=𝑦[

1

cos 𝑥 
.

cos 𝑥

sin 𝑥
. 𝑠𝑒𝑐2𝑥+sec 𝑥. tan 𝑥. log (tan 𝑥)] 

= (tan 𝑥)sec 𝑥 [𝑐𝑜𝑠𝑒𝑐 𝑥. 𝑠𝑒𝑐2𝑥+sec 𝑥. tan 𝑥 log (𝑡𝑎𝑛 𝑥)] 

MOST PROBABLE QUESTIONS: Differentiate  

(1) (sin 𝑥)𝑥  

(2) 𝑥sin−1 𝑥  

(3) (sin 𝑥)log 𝑥 

(4) Find the derivative of (cos 𝑥)ln 𝑥 + (log 𝑥)𝑥  

(5) Find the derivative of( sin 𝑥)cos−1 𝑥 

(6) Find the derivative of (𝑎𝑥2 + 𝑏𝑥 + 𝑐)cos 𝑥  

(7) If √1 − 𝑥4 + √1 − 𝑦4 = 𝑘(𝑥2 − 𝑦2)𝑡ℎ𝑒𝑛 𝑠ℎ𝑜𝑤 𝑡ℎ𝑎𝑡 
𝑑𝑦

𝑑𝑥
=

𝑥√1−𝑦4

𝑦√1−𝑥4
 

(8)  If 𝑥𝑦 = 𝑒𝑥−𝑦 , 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 
𝑑𝑦

𝑑𝑥
=

log 𝑥

(1+log 𝑥)2 

(9) Differentiate 
𝑒𝑥2

.tan−1 𝑥

√1+𝑥2
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TOPIC:DIFFERENTIATION 0f LOGARITHMIC  

DESCRIPTION:   

IF we are required to find the differential coefficient of a function whose power is a function 

of x , the standard result obtained so far can not be applied directly .in such case we first 

take the logarithmic of the function and then differentiate . this method is called the 

logarithmic  differentiation. 

  

when the given function is a power of some expression or a product of expression , we take 

logarithmic on both sides and differentiate the implicity function so obtained . here we 

discuss more problem related to logarithmic function. 

now we discuss some rules, by use these things to solve the standard problems.  

(4) 𝑦 = [𝑓(𝑥)]𝑔(𝑥) 

𝑎𝑛𝑠: log 𝑦 = log [𝑓(𝑥)]𝑔(𝑥)   

= 𝑔(𝑥). log 𝑓(𝑥)  

(5) 𝑦 = [ 𝑓(𝑥). 𝑔(𝑥)] 

𝑎𝑛𝑠: log 𝑦 = log[𝑓(𝑥). 𝑔(𝑥)]    

= log 𝑓(𝑥) + log 𝑔(𝑥)  

(6) 𝑦 = [𝑓(𝑥)]𝑔(𝑥) + [ℎ(𝑥)]𝑣(𝑥) 

𝑎𝑛𝑠: 𝑙𝑒𝑡 𝑢 = [𝑓(𝑥)]𝑔(𝑥) , v=[ℎ(𝑥)]𝑣(𝑥) 

𝑦 = 𝑢 + 𝑣  
𝑑𝑦

𝑑𝑥
=

𝑑𝑢

𝑑𝑥
+

𝑑𝑣

𝑑𝑥
  

  

MODEL QUESTION: 

(1) If 𝑦 = 𝑥𝑥𝑥
, 𝑓𝑖𝑛𝑑 

𝑑𝑦

𝑑𝑥
 

Ans:  let  𝑦 = 𝑥𝑥𝑥
 𝑡ℎ𝑒𝑛 log 𝑦 = 𝑥𝑥(log 𝑥) 

 On differentiating both sides with respect to x, we get : 
1

𝑦
 .

𝑑𝑦

𝑑𝑥
= 𝑥𝑥 .

1

𝑥
+ (log 𝑥).

𝑑

𝑑𝑥
 (𝑥𝑥)  

∴
𝑑𝑦

𝑑𝑥
= 𝑦[𝑥𝑥−1 + (log 𝑥). 𝑥𝑥(1 + log 𝑥)]  

[∴ 𝑢 = 𝑥𝑥 => log 𝑢 = 𝑥 log 𝑥 

 
1

𝑢
 .

𝑑𝑢

𝑑𝑥
= (𝑥.

1

𝑥
+ (log 𝑥. 1) =>  

𝑑𝑢

𝑑𝑥
= 𝑢(1 + log 𝑥) = 𝑥𝑥(1 + log 𝑥)] 

ℎ𝑒𝑛𝑐𝑒 ,
𝑑𝑦

𝑑𝑥
= 𝑥𝑥𝑥

[𝑥𝑥−1 + (log 𝑥)𝑥𝑥(1 + log 𝑥)] 

 

 

 

 



(2) Differentiate tan 𝑥 tan 2𝑥 tan 3𝑥 tan 4𝑥 

Ans: 

    Let y= tan 𝑥 tan 2𝑥 tan 3𝑥 tan 4𝑥 

Then , log 𝑦 = log (tan 𝑥) + log (tan 2𝑥) + log(tan 3𝑥) + log (tan 4𝑥) 

1

𝑦
 .

𝑑𝑦

𝑑𝑥
= {

𝑠𝑒𝑐2𝑥

tan 𝑥
+

2𝑠𝑒𝑐22𝑥

tan 2𝑥
+

3𝑠𝑒𝑐33𝑥

tan 3𝑥
+

4𝑠𝑒𝑐44𝑥

tan 4𝑥
} 

∴  
𝑑𝑦

𝑑𝑥
= 𝑦[

1

sin 𝑥 cos 𝑥
+

2

sin 2𝑥 cos 2𝑥
+

3

sin 3𝑥 cos 3𝑥
+

4

sin 4𝑥 cos 4𝑥
] 

= 𝑦[
2

sin 2𝑥
+

4

sin 4𝑥
+

6

sin 6𝑥
+

8

sin 8𝑥
]  

= [2 tan 𝑥 tan 2𝑥 tan 3𝑥 𝑡𝑎𝑛4𝑥] × [𝑐𝑜𝑠𝑒𝑐 2𝑥 + 2 𝑐𝑜𝑠𝑒𝑐 4𝑥 + 3 𝑐𝑜𝑠𝑒𝑐 6𝑥 + 4 𝑐𝑜𝑠𝑒𝑐 8𝑥] 

  

MOST PROBABLE QUESTIONS: Differentiate  

(1) 𝑥𝑥  

(2) (ln 𝑥)𝑥  

(3) 𝑥𝑥2
 

(4) 𝑥ln 𝑥  

(5) 𝑥tan 𝑥 + cos 𝑥sin 𝑥 

(6) √𝑥(𝑥 + 1)(𝑥 + 2) 

(7) 𝑥sin 𝑥 + tan 𝑥𝑥  

(8) if 𝑦 = (√𝑥
√𝑥

√𝑥

) , 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 (
𝑑𝑦

𝑑𝑥
)=

𝑦2

(2−𝑦𝑙𝑜𝑔𝑥)
 

(9) if 𝑦 = 𝑥𝑥𝑥……∞

, 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 
𝑑𝑦

𝑑𝑥
=

𝑦2

𝑥(1−𝑦𝑙𝑜𝑔𝑥)
 

(10) if 𝑦 = √𝑠𝑖𝑛𝑥 + √sin 𝑥 + ⋯ ∞ , prove that 
𝑑𝑦

𝑑𝑥
=

cos 𝑥

(2𝑦−1)
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TOPIC:APPLICATION OF DERIVATIVE(Successive differentiation ( second order) 

DESCRIPTION: 

Let 𝑓(𝑥) be a function, differentiable on an open interval (a,b) . then we know 𝑓′(𝑥) exit at each 𝑥 ∈

(𝑎, 𝑏). The correspondence 𝑥 → 𝑓′(𝑥), 𝑥𝜖(𝑎, 𝑏) is a function in its own right . This new function is 

denoted by 𝑓′(𝑥) and is called derivative of 𝑓(𝑥). 

If the derivative 𝑓′(𝑥) of a function 𝑓(𝑥) is itself differentiable then the derivative of 𝑓′(𝑥) is called 

the second order derivative of 𝑓(𝑥) and is denoted by 𝑓′′(𝑥).  

If 𝑦 = 𝑓(𝑥) then 
𝑑𝑦

𝑑𝑥
, the derivative of 𝑦 𝑤. 𝑟. 𝑡 𝑥 , is itself , in general , a function of x and can be 

differentiable again. To fix up the idea , we shall call 
𝑑𝑦

𝑑𝑥
 as the first order derivative of y with respect 

to x and the derivative of 
𝑑𝑦

𝑑𝑥
 w.r.t x as second order derivative of y w.r.t x and will denoted by 

𝑑2𝑦

𝑑𝑥2 

similarly the higher order derivative is denoted by 
𝑑𝑛𝑦

𝑑𝑥𝑛. 

If 𝑦 = 𝑓(𝑥) then the order alternative notation for 
𝑑𝑦

𝑑𝑥
, 

𝑑2𝑥

𝑑𝑥2.........
𝑑𝑛𝑥

𝑑𝑥𝑛 . that is also denoted by 𝑓′(𝑥), 

 𝑓′′(𝑥), … … … . 𝑓𝑛(𝑥). Which is denoted by 𝑓1, 𝑓2 … … . . 𝑓𝑛. 

MODEL QUESTION: 

(1) If 𝑥 = 𝑎𝑡2, 𝑦 = 2 𝑎𝑡 𝑓𝑖𝑛𝑑 
𝑑2𝑦

𝑑𝑥2 

Ans:  Given 𝑥 = 𝑎𝑡2 , 𝑦 = 2𝑎𝑡 

𝑑𝑥

𝑑𝑡
= 2𝑎𝑡,

𝑑𝑦

𝑑𝑡
= 2𝑎, ∴

𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑡
.
𝑑𝑡

𝑑𝑥
= 2𝑎.

1

2𝑎𝑡
=

1

𝑡
 

∴
𝑑2𝑦

𝑑𝑥2 =
𝑑

𝑑𝑥
(

𝑑𝑦

𝑑𝑥
) =

𝑑

𝑑𝑥
(

1

𝑡
) =

𝑑

𝑑𝑡
(

1

𝑡
) .

𝑑𝑡

𝑑𝑥
= −

1

𝑡2 .
1

2𝑎𝑡
= −

1

2𝑎𝑡3 

  

(2) If 𝑦 = tan−1 𝑥 , 𝑝𝑟𝑜𝑣𝑒 𝑡ℎ𝑎𝑡 (1 + 𝑥2)𝑦2 + 2𝑥𝑦1 = 0 

Ans: Given 𝑦 = tan−1 𝑥 , 𝑦1 =
1

1+𝑥2 

=>(1+𝑥2)𝑦1=1 

Again differentiating  w.r.t. x  

 (1+𝑥2).
𝑑

𝑑𝑥
(𝑦1) + 𝑦1

𝑑

𝑑𝑥
(1 + 𝑥2) = 0 

 (1+𝑥2)𝑦2 + 𝑦1. 2𝑥=0 

 (1+𝑥2)𝑦2 + 2𝑥𝑦1 = 0 

(3) If y = Acosx+B sin nx then show that 
𝑑2𝑦

𝑑𝑥2 + 𝑛2𝑦 = 0 

Ans: Given Acos nx + B sin nx 



𝑑𝑦

𝑑𝑥
= −𝐴 sin 𝑛𝑥 . 𝑛 + 𝐵 cos 𝑛𝑥. 𝑛 

𝑑2𝑦

𝑑𝑥2 = −𝐴𝑛. cos 𝑛𝑥. 𝑛 − 𝐵𝑛. sin 𝑛𝑥. 𝑛 = −𝑛2(𝐴 cos 𝑛𝑥 + 𝐵 sin 𝑛𝑥) 

𝑑2𝑦

𝑑𝑥2 = −𝑛𝑦2 => 
𝑑2𝑦

𝑑𝑥2 + 𝑛2𝑦 = 0 

 

MOST PROBABLE QUESTIONS: 

(1) What is the slope of the curve y = sin x at x=
𝜋

6
  

(2) If y = x sin x , what is 𝑦1, 𝑎𝑡 𝑥 = 0 

(3) Find the 2nd derivative of the function cos 2x . 

(4) If x= 2 cos t – cos 2t ,y=2sint –sin2t, find 
𝑑2𝑦

𝑑𝑥2. 

(5) If x= a(𝜃 − 𝑠𝑖𝑛𝜃), 𝑦 = 𝑎(1 + 𝑐𝑜𝑠𝜃), 𝑓𝑖𝑛𝑑 
𝑑𝑦

𝑑𝑥
,

𝑑2𝑦

𝑑𝑥2 

(6) If y= a sin 2x +b cos 2x , show that 
𝑑2𝑦

𝑑𝑥2+4y=0 

(7) If y= sin (sin x) prove that 

   
𝑑2𝑦

𝑑𝑥2 + 𝑡𝑎𝑛𝑥
𝑑𝑦

𝑑𝑥
+ 𝑦𝑐𝑜𝑠2𝑥 = 0                                    

 

(8) If  Y = A cos nx +b sin nx  then show that 
𝑑2𝑦

𝑑𝑥2 + 𝑛2𝑦 = 0. 

(9) If y= (sin−1 𝑥)2, show that (1-𝑥2)𝑦2 − 𝑥𝑦1 − 2 = 0. 

 

 

 

 

                                       

 

 

 

 

 

 

 



 

                                      Notes -20 
 

TOPIC:PARTIAL DIFFERENTIAL EQUATION(Function of two variables second order) 

DESCRIPTION: So far we have studied about derivatives of function of a single variable i.e y=(x) 

𝑑𝑦

𝑑𝑥
= lim

𝛿𝑥→0

𝑓(𝑥+𝛿𝑥)−𝑓(𝑥)

𝛿𝑥
= 𝑓′(𝑥), 𝑖𝑛 𝑡ℎ𝑎𝑡 𝑐𝑎𝑠𝑒 𝑖𝑓 𝑎 dependent variable is a function of single 

independent variable .in order to find the derivative of a function of two variables the following 

procedure is adopted 

If a dependent variable is a function  of two or more independent variables, in that case partial 

derivatives exists i.e z=f(x,y).The function is differentiated with respect to one of the independent 

variables while other is treated as constant. 

Consider a function of two independent variables x and y. Let z=f(x,y) If the variable x under goes a 

change 𝛿𝑥.let the variable y remains constant, then z undergoes a change 𝛿𝑧 

𝛿𝑧 = 𝑓(𝑥 + 𝛿𝑥, 𝑦) − 𝑓(𝑥, 𝑦) 

We say that z possess  partial derivative w.r.t. x and denoted by 

𝜕𝑧

𝜕𝑥
= lim

𝛿𝑥→0

𝑓(𝑥 + 𝛿𝑥, 𝑦) − 𝑓(𝑥, 𝑦)

𝛿𝑥
=

𝜕𝑓

𝜕𝑥
= 𝑓𝑥  

Similarly z possesses partial derivative w.r.t. y and denoted by   

𝜕𝑧

𝜕𝑦
= lim

𝛿𝑦→0

𝑓(𝑥, 𝑦 + 𝛿𝑦) − 𝑓(𝑥, 𝑦)

𝛿𝑦
=

𝜕𝑓

𝜕𝑦
= 𝑓𝑦  

Let z=f(x,y) be a function of two variables. Then 
𝜕𝑧

𝜕𝑥
𝑎𝑛𝑑 

𝜕𝑧

𝜕𝑦
𝑎𝑟𝑒 𝑡ℎ𝑒𝑚𝑠𝑒𝑙𝑣𝑒𝑠 𝑓𝑢𝑛𝑐𝑡𝑖𝑜𝑛𝑠 𝑜𝑓 𝑡𝑤𝑜 𝑣𝑎𝑟𝑖𝑎𝑏𝑙𝑒𝑠 𝑥 𝑎𝑛𝑑 𝑦,

𝜕𝑧

𝜕𝑥
= 𝑝,

𝜕𝑧

𝜕𝑦
= 𝑞 

=
𝜕2𝑓

𝜕𝑦2 = 𝑓𝑦𝑦 = 𝑡
𝜕2𝑧

𝜕𝑥2 =
𝜕

𝜕𝑥
(

𝜕𝑧

𝜕𝑥
) =

𝜕2𝑓

𝜕𝑥2 = 𝑓𝑥𝑥 = 𝑟
𝜕2𝑧

𝜕𝑦2 =
𝜕

𝜕𝑦
(

𝜕𝑧

𝜕𝑦
) 

∂z2

𝜕𝑥𝜕𝑦
=

𝜕

𝜕𝑥
(

𝜕𝑧

𝜕𝑦
)=𝑓𝑥𝑦 = 𝑠,

𝜕2𝑧

𝜕𝑦𝜕𝑥
=

𝜕

𝜕𝑦
(

𝜕𝑧

𝜕𝑥
) = 𝑓𝑦𝑥 = 𝑠 

In general (
𝜕2𝑧

𝜕𝑥𝑦
) ≠

𝜕2𝑧

𝜕𝑦𝜕𝑥
. 

 

MODEL QUESTION: 

(1) If z= 𝑥2𝑦 + 𝑥𝑦2 , 𝑓𝑖𝑛𝑑 
𝜕𝑧

𝜕𝑥
𝑎𝑛𝑑 

𝜕𝑧

𝜕𝑦
 

Ans: z=𝑥2𝑦 + 𝑥𝑦2 
𝜕𝑧

𝜕𝑥
=

𝜕

𝜕𝑥
(𝑥2𝑦 + 𝑥𝑦2) =

𝜕

𝜕𝑥
(𝑥2𝑦) +

𝜕

𝜕𝑥
(𝑥𝑦2)=2xy+𝑦2 



𝜕𝑧

𝜕𝑦
=

𝜕

𝜕𝑦
(𝑥2𝑦 + 𝑥𝑦2) =

𝜕

𝜕𝑦
(𝑥2𝑦) +

𝜕

𝜕𝑦
(𝑥𝑦2) = 𝑥2 + 2𝑥𝑦 

(2) If z=sin(
𝑥

𝑦
) 𝑓𝑖𝑛𝑑

𝜕𝑧

𝜕𝑥
𝑎𝑛𝑑

𝜕𝑧

𝜕𝑦
 

Ans: Given z=sin(
𝑥

𝑦
) 

𝜕𝑧

𝜕𝑥
=

𝜕

𝜕𝑥
{sin (

𝑥

𝑦
)} = cos (

𝑥

𝑦
)

𝜕

𝜕𝑥
(

𝑥

𝑦
) =

1

𝑦
cos(

𝑥

𝑦
) 

𝜕𝑧

𝜕𝑦
=

𝜕

𝜕𝑦
{sin (

𝑥

𝑦
)} = cos (

𝑥

𝑦
) .

𝜕

𝜕𝑦
(

𝑥

𝑦
) = cos (

𝑥

𝑦
) . (

−𝑥

𝑦2 )=
−𝑥

𝑦2 cos(
𝑥

𝑦
) 

(3) If 𝑓(𝑥, 𝑦) =
2𝑥−3𝑦

𝑥2+𝑦2  , 𝑓𝑖𝑛𝑑 𝑓𝑥(1,2)𝑎𝑛𝑑 𝑓𝑦(1,2). 

Ans: 𝑓(𝑥, 𝑦) =
2𝑥−3𝑦

𝑥2+𝑦2 .  differentiate f w.r.t x , treating y as constant , we have  

 𝑓𝑥(𝑥, 𝑦) =
(𝑥2+𝑦2).2−(2𝑥−3𝑦).2𝑥

(𝑥2+𝑦2)2 =
6𝑥𝑦−2𝑥2+2𝑦2

(𝑥2+𝑦2)2  

∴ 𝑓𝑥(1,2) =
6.1.2 − 2. 12 + 2. 22

(12 + 22)2 =
18

25
 

𝐷ifferentiating f w.r.t y, treating x as constant , we have  

𝑓𝑦(𝑥, 𝑦) =
(𝑥2+𝑦2).(−3)−(2𝑥−3𝑦).2𝑦

(𝑥2+𝑦2)2 =
3𝑦2−3𝑥2−4𝑥𝑦

(𝑥2+𝑦2
)2

 

∴ 𝑓𝑦(1,2) =
3. 22 − 3. 11 − 4.1.2

(12 + 22)2 =
1

25
 

 

 

MOST PROBABLE QUESTIONS: 

find 𝑓𝑥 , 𝑓𝑦  𝑤ℎ𝑒𝑟𝑒 𝑓(𝑥, 𝑦) 𝑖𝑠 𝑔𝑖𝑣𝑒𝑛 𝑏𝑦 

(1) 
𝑥2𝑦+𝑥𝑦2

𝑥+𝑦
 

(2) 𝑥𝑦 + 𝑦𝑥  

(3) sin−1(
𝑥

𝑦
) 

(4) If 𝑓(𝑥, 𝑦, 𝑧) = 𝑒𝑥𝑦𝑧 then find 𝑥𝑓𝑥 + 𝑦𝑓𝑦 + 𝑧𝑓𝑧  

(5) If 𝑢 = (𝑥2 + 𝑦2 + 𝑧2)−
1

2  show that 
𝜕2𝑢

𝜕𝑥2 +
𝜕2𝑢

𝜕𝑦2 +
𝜕2𝑢

𝜕𝑧2=0 

(6) If 𝑧 = 𝑓 (
𝑦

𝑥
) , 𝑠ℎ𝑜𝑤 𝑡ℎ𝑎𝑡 𝑥

𝜕𝑧

𝜕𝑥
+ 𝑦

𝜕𝑧

𝜕𝑦
= 0 

(7) Find the degree of the homogeneous function f(x,y) =𝑥4 + 𝑥3𝑦 − 𝑦4,by two different 

methods. 

(8) If   z=tan−1(
𝑥3+𝑦3

𝑥+𝑦
)show that  x

𝜕𝑧

𝑥
+

𝜕𝑧

𝜕𝑦
= sin2z. 

(9) If z =sin−1(
𝑥𝑦

𝑥+𝑦
) show that x

𝜕𝑧

𝜕𝑥
+

𝜕𝑧

𝜕𝑦
= tanx 
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TOPIC: PROBLEM BASED ON ABOVE 

MOST PROBABLE QUESTIONS: 

(1) IF 𝑓(𝑥, 𝑦) = 𝑒𝑥𝑦 what is 𝑦
𝜕𝑓

𝜕𝑦
− 𝑥

𝜕𝑓

𝜕𝑥
 

(2) If 𝑢 = sin 𝑥 cos 𝑦, 𝑤ℎ𝑎𝑡 𝑖𝑠 
𝜕𝑢

𝜕𝑦
 

(3) What is the slope of the curve 𝑦 = sin 𝑥 𝑎𝑡 𝑥 =
𝜋

6
 

(4) What is the slope of the tangent to the curve 𝑦 = 𝑠𝑖𝑛𝑥 𝑎𝑡 𝑥 =
𝜋

3
  

(5) Find the slope of the curve 𝑦 =
5

3
𝑥2 𝑎𝑡 𝑥 = 2 

(6) Find the derivative of the following functions 

(i) (𝑥3 + 𝑒𝑥 + 3𝑥 + cot 𝑥) 

(ii) (9𝑥2 +
3

𝑥
+ 5 sin 𝑥) 

(iii) (𝑥2 +
4

𝑥2 −
2

3
tan 𝑥 + 7 log𝑒 𝑥 + 6𝑒 

(iv) log𝑒 𝑥3 

(7) Given 𝑦 = (2𝑥3 − 4)5, find 
𝑑𝑦

𝑑𝑥
 

(8) Find the derivative of function 

(i) 𝑦 = 𝑒sin 𝑥  

(ii) 𝑦 = log (sin 𝑥) 

 

(9) Find the derivative of sin−1 5𝑥 

(10)  Find the derivative of tan−1 √𝑥 

 

     FIVE MARK QUESTION: 

(1) Differentiate 
(1−𝑥)

1
2.(2−𝑥2)

2
3

(3−𝑥3)
3
4.(4−𝑥4)

4
5

 

(2) Differentiate  𝑒sin−1 𝑥  𝑤. 𝑟. 𝑡 𝑒− cos−1 𝑥 

(3) Differentiate ln (sin 𝑥) 𝑤. 𝑟. 𝑡 tan 𝑥 

(4) If 𝑎𝑥2 + 2ℎ𝑥𝑦 + 𝑏𝑦2 + 2𝑔𝑥 + 2𝑓𝑦 + 𝑐 = 0, 𝑓𝑖𝑛𝑑 
𝑑𝑦

𝑑𝑥
 

(5) If sin sin 𝑦 = 𝑥 sin (𝑎 + 𝑦), prove that 
𝑑𝑦

𝑑𝑥
=

𝑠𝑖𝑛2(𝑎+𝑦)

sin 𝑎
 

(6) Find the tangent line to 𝑓(𝑥) = 4√2𝑥 − 6𝑒2−𝑥  at x=2 

(7) Find the derivative of 𝑓(𝑥) =
1+𝑒−2𝑥

𝑥+tan (12𝑥)
 using chain rule. 

(8) Find the derivative ℎ(𝑢) = tan (4 + 10𝑢) by using chain rule. 

(9) Find the derivative of 𝑢(𝑡) = tan−1(3𝑡 − 1) by using chain rule. 

(10)  Find the first  derivative of 𝑓(𝑥) = (√𝑥 + 2𝑥)(4𝑥2 − 1) 
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